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ABSTRACT 

Some equations concerned with the formal theory of nuclei growth followed by ingestion 
and overlapping of nuclei are critically analysed. Some criticisms concerning the isothermal 
and non-isothermal forms of the JMAYK equation are also presented. 

INTRODUCTION 

The JMAYK (Johanson, Mehl, Avrami, Yerofeev, Kolmogorov) equation 
is used to describe physical changes such as glass crystallization, as well as 
heterogeneous chemical reactions such as solid-gas decompositions [l-7]. 
The isothermal form of the JMAYK equation is given as 

-In{1 - cy) = kt’ 0) 

where (Y is the degree of conversion, t is time, k is the rate constant, and Y 
is an exponent whose value is an integer which varies from 1 to 4. 

Various aspects of the non-isothermal form of eqn. (1) have been sum- 
marized in an excellent article by Kemeny and Sestftk [2]. 

The present work is concerned with some critical points regarding the 
possibility of obtaining an equation of the form of eqn. (1) from the formal 
theories of the kinetics of nucleation and growth of nuclei. 

THE ISOTHERMAL JMAYK EQUATION 

If growing nuclei ingest sites where nuclei could appear (potential nuclei), 
the ingested sites are considered as giving rise to “phantom” nuclei [3,8,9]. 
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In such conditions let No be the number of potential nuclei in the system 
under investigation at t = 0. At time t, the system contains N’(t) potential 
nuclei, N(t) growing nuclei and N”(t) potential nuclei which have been 
ingested by growing nuclei. 

The conservation law of the total number of nuclei gives, successively 

N+N’+N”=N,, (2) 

dN+dN’+dN”=O (3) 

Considering a one-step nucleation, it follows that 

dN = k,N’ dt = k,(N, - N-N”) dt 

For negligible N “, the integral form of this equation is 

N = N,(l - emklr) 

From eqns. (2), (4) and (5), 

N’ = N, eeklr 

and 

(4 

(5) 

(6) 

dN -= 
dt 

N,,k, evklr (7) 

For the derivative of N” with respect to CY, we use the relationship 

dN” N’ -=--_ 
dew 1-a (8) 

Accepting that eqns. (3), (4) and (8) are valid we obtain 

dN’ + k,N’ dt + & da!=0 (9) 

Dividing this by N’ and integrating in the intervals [o, t], [o, a], [N,, N’] 
leads to 

In -$ - ln(l - a) + k,t = 0 (10) 
0 

and 

N’ = N,, eBkl’(l - CX) 

Taking into account relations~p (4), 

01) 

dN 
- = Nok, e-“‘(1 - a) 
dt 

02) 

This equation is valid when N” is not neglected, and consequently contains 
the supplementary factor (1 - (u), as compared with eqn. (7). 

Taking into account the general relationship [2,3,8,9] 

(13) 
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(meanings of the symbols as given in the works quoted) and given that, by 
definition, 

v(t) 
“=v, 04) 

for three-dimensional growth of nuclei with a constant rate of growth 
(G(x) =k,) and nucleation rate (dN/dt) given by eqns. (12) and (7) 
respectively, it turns out that 

ff= uNo2k’ /:( t - x)’ epk+(l - a(x)) dx 

and 

a = 
ex 

uN$ki s,” t _ x)3 e-k,x dx 

(15) 

06) 

where (Y,, is the extended degree of conversion corresponding to the 
omission of the ingestion of the potential nuclei. 

For the constant factors before the integrals from eqns. (15) and (16) we 
will use the following notation 

aN,k,k; 
k= v 

0 

(17) 

Now let us show that there is no compatibility between relationships (15) 
and (16) and the known Avrami equations [l-3,5,8-9] 

dell --1-a 
d%X (18) 
- ln(1 - a) = (Y,, i 

For the integrals from eqns. (15) and (16), which depend on the parameter 
t, the following theorem is valid [lo-121. 

Theorem 
If in the function 

(19) 

f(x, t) and its partial d erivative ft’(x, t) are continuous for x E [a, 61 and 

t E [ti, f21, a, b, t, and t, being constants; and if u(t) and b(t) are 
continuous in the interval [t,, tz], with continuous derivatives, and fulfil the 
condition u 6 a(t) < b(t) < b; then F(t) is continuous and differentiable, 
its derivative being given by 

x, t) dx +f(W, W(t) +(a@), W(t) (20) 
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Taking into account eqn. (20), from eqn. (15) and by considering four 
successive derivatives with respect to t we obtain 

da 
- = 3k 
dt $ 

‘(t - x)” e-kl”(l - a(x)) dx (21) 
0 

2 = 6kir(r - x) e-‘+(l - a(x)) dx 

2 = 6k/’ eTklx(l - a(x)) dx 
0 

d4cu 
~ = 6k eskl’(l - a) 
dt4 

Similarly, from eqn. (16), we obtain 

d4rX -.-_-Z = 6k e-J+ 
dt4 

(22) 

(23) 

Obviously, relationships (24) and (25) are by no means equivalent to 
relationship (18). 

The search for an adequate relationship between a: and (Y,, using eqns. 
(24) and (25) is a fairly complicated problem which is not, in our opinion, 
worth considering. In such conditions, eqn. (24) can be considered indepen- 
dently of eqn. (25) as giving an adequate description of the phenomenon 
under investigation, i.e. introduction of Q,, does not help much. 

Relationship (24) cannot be used directly, as it cannot be integrated. 
Some mathematical models could be of help here. 

CRITICAL CONSIDERATIONS CONCERNING RELATIONSHIP (8) 

We consider relationship (8) to be inadequate for the description of the 
ingestion of potential nuclei by growing nuclei. Two main objections can be 
noted. 

Equation (8) does not fulfil the initial condition for LY = 0 (t = 0). Indeed, 
according to eqn. (8) 

=N’(r=O)=N* 
o-o 

(26) 

which is an incorrect result. 
In our opinion, (dN”/dar),,o and (dN”/dat),,, should be equal to 0 

(in the worst case, to a finite nnmber). According to relationship (8), 

0 

which is correct. 

(27) 
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(2) Equation (8) does not contain any constant which depends on temper- 
ature as well as on the properties of the system under investigation. Taking 
this observation into account, eqn. (8) should be written as 

dN” N’ - = 
da 

k- 
31-a (28) 

From eqn. (3), taking into account eqns. (4) and (28) we obtain 

N’ = N,, ehkl’(l - (y)k’ (29) 

and 

dN 
- = Nokl e-kl’(l _ a)kx 
dt 

Introducing eqn. (30) into eqn. (13) and taking four successive derivatives 
with respect to t, it turns out that 

d4Cr - = 6k eVkl’(l - (y)k3 
dt“ 

(31) 

with the condition k, -c 1, as 

= k,N, < No 
a=0 

(32) 

Nevertheless, relationship (28) does not fulfil the boundary condition for 
CY = 0, and should therefore be used with care. 

Another equation which can be considered instead of eqn. (8) is 

dN” 
- = k,N’h(a) 

da (33) 

where k, depends on temperature, and h(a) is a function which takes into 
account the ingestion and is compatible with the boundary conditions 

(34) 

Introducing relationships (4) and (33) into eqn. (3) it turns out that 

N’ = No e-k,t e-k,J;h(d da 

and 

dN -= 
dt 

Nok, e-W e-WP(a) da 

Introducing eqn. (36) into eqn. (13), and taking four successive derivatives 
with respect to t, we obtain 

d4a _ = (jk e-k,t e-W;W4 da 

at4 
(37) 
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Let us consider three possible forms of h(a), and the corresponding particu- 
lar forms of eqn. (37). 

h,(a) = (Y(1 - a) (38) 

d4a - = 
dt4 

6k e-k,r e-k4a’((3-2a)/6) 

h2b) = & 

d4a - = 6k e-kg’ ek&(L - ajk4 
dt4 

h3(cY) = CY 

d4a ~ = (jk e-k,1 e-k,a’ 
dt4 

(39) 

(40) 

(42) 

Another possibility (limited by mathematical difficulties) consists in replac- 
ing eqn. (8) with an equation which contains dN”/dt, 

dN” 
~ = k,N’q( a) 

dt (43) 

where k, is dependent on temperature. 
Introducing eqns. (43) and (4) into eqn. (3), and performing some simple 

calculations, we obtain 

dN -= 
dt 

N&, e-k,t e- Jlksq(a) d’ 

The problem, which is unsolvable for the moment, consists in the integral 
~~k~q(~) dt, which cannot be used directly in calculations. Nevertheless, 
introducing eqn. (45) into eqn. (13), and taking successively the first four 
derivatives with respect to t, it turns out that 

d4a - = 6k e-k,1 eiAksq(a)dt 
dt4 

Another possibility consists in replacing eqn. (8) with the equation 

dN” 
- = k,N’N 

dt 147) 

where k, depends on temperature. Equation (47) adequately describes the 
law of ingestion of potential nuclei by growing nuclei, as (1) it fulfils the 
boundary conditions and (2) it fulfils the requirement that dN “/dt be 
proportional to the number of potential nuclei N’ as well as to the number 
of growing nuclei N. 



237 

Introducing in eqn. (47) the number N from eqn. (2) according to the 
relationship 

N=N,-N’-N” (48) 

we obtain 

dN” 
~ = k,N’(N, - N’- N”) 

dt 

Introducing eqns. (49) and (4) into eqn. (3) we obtain a relationship 
which cannot be integrated directly, owing to N”. To overcome this diffi- 
culty, in a first approximation (zero order approximation), we shall consider 
that N” +=K N, - N’. Under these conditions, eqn. (49) turns into 

dN” 
- =k,N’(N,-N’) 

dt 

For N”= 0, relationships (5) and (6) are valid, thus 

dN” 

dt 
= k,N’N,(l - e-“I’) 

Under these conditions, eqn. (3) turns into 

dN’ 
7 + k, dt + k,N,(l - e-‘I’) dt = 0 

(50) 

(51) 

(52) 

By integrating and performing the detailed calculations necessary, we obtain 

N’ = No epklt e- N,,k,(-(l/k,)+r+(e~““/k,)) 
(53) 

and 

dN 
-= N&, ee“” e ~N,,k~/k,(e~“I’+k,r-I) 

dt 

Introducing this result into (13) and taking into account eqn. (14). it turns 
out that 

(y = k 0’(t _ X)3 e-k,-‘ e-N,,(X,/~,)(r~“‘+~,.r-l) dx 
J (55) 

Taking successively the first four derivatives with respect to t in eqn. (55), 
we obtain 

d4a - = 
dt4 

6k e-k,’ epN,,(kC-,/k,)(r “I’+k,t-1) 
(56) 

These critical considerations regarding eqn. (8) and possible substitutions 
lead us to conclude that improvements are needed in the formal theory of 
nuclei growth with ingestion and mutual overlapping. 

Some earlier criticisms concerning eqn. (18) and its approximate nature 
are presented in a comprehensive monograph by Rozovskii [13]. 
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THE NON-ISOTHERMAL JMAYK EQUATION 

From eqn. (4) for N” = 0 accepted as Postulated Primary Isothermal 
Differential Kinetic Equation (P-PIDKE) [14,15], using 

T= O(t) (57) 

and operating a classical non-isothermal change (CNC) with some elemen- 
tary calculations, we obtain 

N = N,(l _ ,-/,;k,(e(r’,) dr’j 
(58) 

For the ingestion case we have to introduce eqns. (4) and (28) accepted as 
P-PIDKE in eqn. (3). It then turns out that 

dN’ 
N’ + k,@(t)) dt+ 

U@(t)) da = o 
I _ ff (59) 

After performing the CNC and integration, we obtain 

N’ = N,, e-/,:k,(@(r’)) dr’ ,-/;(k~(&0,/‘-a) da 
(60) 

For absence of ingestion, 

dN -= 
dt 

N, e-/,:k,(@U’)) d”k,(o@)) 

and 

UN, r I 

ff =- 
ex 01 v, 0 

k,( e( y)) dy ‘k,( 0( x)) e-h;k1(8(“)) dt’ dx (6W 
I 1 

For the general case, eqn. (4) taking into account eqn. (60) takes the form 

!!& = N,k,( e( t)) e-jik,(e(t’)) dr’ ,-j,“(k,(&tW-a) do (61) 

The problems raised by the integral /t( k2( e( t))/l - a) dell could be solved 
eventually by writing it in the form 

For non-isothermal conditions, taking into account that in eqn. (13) G(y) 
can be temperature dependent, 

I 
(YE- 

~2uw) dy 3Ww) 1 
x e-j,;k-,(e(t’)) dt’ e - j;“‘(k,(@(r))/l-a) da dx 

(63) 

With eqn. (63) we cannot take successive derivatives with respect to t in 
order to get rid of the integral, as k2( e( t)) depends on temperature at time 
t. The mathematical difficulties raised by the non-isothermal JMAYK 
equation are obvious. 
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The use of an equation of the form of eqn. (33) leads to the same type of 
integral 

1, = 
/ 

ak4(8(t))h(a) da (64) 
0 

which is, for the moment, unsolvable. 
Using an equation of the form of eqn. (43) as P-PIDKE leads after some 

calculations to 

g = N,k,( e( Q) e-l,:k,(@(r’)) dr’ e-I~L,(B(f’))q(a(r’)) dr’ 

Thus 

(65) 

‘WW) dy 3k(W) 
1 

x e-l,‘k,(BU’N dr’ e- /,;k,(&t’W(4t’)) dt’ dx UN 
Relationship (66) cannot be used either because of the mathematical compli- 
cations which arise when trying to apply it. 

Finally, let us consider accepting eqn. (47) as P-PIDKE. In a first 
approximation (zero order approximation), by neglecting N”, we obtain 

dN” - = k,(~(~))N’N,jl _ e-l:,W(r’))dr’j 
dt (67) 

Introducing this result into eqn. (3) it turns out that 

$ + k,( @( t)) dt + N,k,( O( t))(l - e-~cixlcecr”) dr’) dt=O 

Integration of eqn. (68) leads to 

N’ = N, e-!;k,(8(t’)) dt’ e -N,l~k,(B(f,))(l-ex~[-l~~k,(B(r,)) dt,l) dt, 

(68) 

(69) 

From this result and relationships (4), (13) and (14) we obtain 

I ww dy 3wc4) I 
x ,-l;h(W’)) dt’ e- %ltk,(@(tz))U -w-h?k,(@(t,)) dt,I) dt, dx 

(70) 

which cannot be applied practically because of the mathematical difficulties. 
By comparing (Y,, given by eqn. (60b) with (Y given by eqns. (63), (66) or 

(70), we come to the conclusion that relationship (18) is not valid in 
non-isothermal conditions. 

CONCLUSIONS 

Some critical considerations concerning the JMAYK equation have been 
presented. It has been shown that the theory of nuclei growth is incompati- 
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ble with the Avrami equation (eqn. (18)). A critical analysis of relationship 
(8), as well as of possible improvements to this relationship, were also 
presented. The mathematical difficulties associated with the non-isothermal 
JMAYK equation have been emphasized. 
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